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I. INTRODUCTION 



Seventy years before, C.G. Stueckelberg [l| introduced a scalar into massive abelian vector 
theory without violation of gauge symmetry and renormalizability. Since then, people used 
to apply this mechanism to describe massive photon. Beyond that, many other applications 



4j, stringjs] and extra dimension^], etc. The 



also emerged, such as those to SM 3| [sj], MSSM 
latest review was given by Ref. [31. This mechanism in literature was seen as a scheme to 

n 

replace Higgs mechanism for broken U(l) gauge theory |8[ in the sense that it does not need 
Higgs particle. Among various applications, we are interested in this work in investigating 
physics of Z' boson. On the one hand, as a heavy undiscovered new vector particle in the 
minimal extension of SM, Z' will probably be the particle easest to test in future collider 
experiments and plays important role in various new physics models, such as low__ energy 
models induced from GUT and SUSY 91110] 
Higgs models [13( and extra dimension models 



11 121, left-right symmetric models 9J, little 



lq . etc; on the other hand, Stueckelberg 



mechanism provides us a special method to introduce abelian massive vector into theory 
gauge invariantly. With this mechanism, we can simply add Z' boson to SM and discuss 
corresponding physics However, the traditional Stueckelberg mechanism only deals with 
lowest dimension term related to vector boson mass and leads typical mixing term between 
scalar particle and gauge boson, which does not include those more complex high dimen- 
sion operators. As a consequence, this approach lost generality in the sense that operator 
involving Z' boson through Stueckelberg mechanism is that with lowest dimension which rep- 
resents a special kind of Z' interaction. Though this operator plays the most important role 
in low energy region, it is not general enough when we approach to TeV energy region where 
effects of high dimension operators will emerge. These high dimensional operators, most 
of them are non-renormalizable, are effective description of underlying new physics dynam- 
ics. Adding in these non-renormalizable high dimension operators into theory is a necessary 
step when we want to go beyond SM to investigate new physics model independently. This 
requirement leads to the generalization of the traditional Stueckelberg mechanism by in- 
cluding high dimension operators into theory so that general Z' interactions may be covered 
as much as possible. With non-renormalizable operators included in, renormalizability of 
original theory is lost and is replaced by a generalized version of renormalization for effective 
field theory 16 ] . 
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There are two ways to systematically describe general effective interactions among par- 
ticles in SM: namely, linear and nonlinear realizations of SM symmetry SU(2)i ® U(l)y — > 



urn 



17 
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Within linear realization, we just add in high dimension operators into SM 



19. 



(EWCL) 



21 



20 L While in nonlinear realization, we start from electroweak chiral Lagrangian 



22 



231 ] which is the most general description for SM fields except Higgs. This 



EWCL was generalized to extended electroweak chiral Lagrangian (EEWCL) by adding in 
original EWCL a sing let Higgs field Q] to keep unitarity of the theory |25|. Though mathe- 
matical equivalence between two descriptions was shown in 24| , linear realization is suitable 
for discussion of light Higgs, while nonlinear realization can be applied to investigate either 
light or heavy Higgs. Due to this generality for EEWCL, we use nonlinear realization in this 
paper. In fact, we will show that Stueckelberg mechanism is equivalent to chiral Lagrangian 
for U(l) gauge field plus special choice of gauge fixing term. This equivalence enable us to 
further understand the non-renormalizability for Stueckelberg mechanism when we try to 
generalize it to non-abelian gauge field system and base our whole discussion on the nonlin- 
ear realization of SM symmetry. With the equivalence of Stueckelberg mechanism and U(l) 
chiral Lagrangian, the generalization of traditional Stueckelberg mechanism become obvious: 
we just extend EEWCL with an extra U(l) gauge symmetry and write down all possible 
high dimension interaction terms. To make particle content in our discussion close to low 
energy particle spectrum already discovered in experiment, except Higgs and Z' bosons, we 
do not involve any other new undiscovered particles in our theory. Higgs particle in this 
work only plays a passive role and we mainly focus our attention on Z 1 interactions. 

This paper is organized as follows. Sec. II is the proof for the equivalence of traditional 
Stueckelberg mechanism and U(l) chiral Lagrangian and discussion of its nonabelian gen- 
eralization. In Sec. Ill, we generalize original EEWCL to include Z' boson and write down 
the bosonic part of Lagrangian up to order of p 4 . From this Lagrangian, we obtain the 
most general mixing for neutral gauge bosons. Then we completely diagonalize and discuss 
the mixing. In Sec. IV, We build up the connections of these operators to triple , quartic 
couplings involving Z' boson and traditional electro-weak chiral Lagrangian. The summary 
is given in Sec. IV. 
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II. EQUIVALENCE BETWEEN STUECKELBERG MECHANISM AND CHIRAL 
LAGRANGIAN 



Now, let us review Stueckelberg mechanism. The most simple Stueckelberg Lagrangian 
for massive vector can be written as 

1 77? 1 

Cstueck = - 7 V" + — {A, - -d,cr) 2 , (1) 
4 2 m 

with obvious mass term m 2 A 2 l /2. Under U(l) gauge transformation A^ — > A^ + d^e, a — > 

o + me, the Lagrangian is invariant. Adding a gauge fixing term 

Cgf = -^{d^ + imaf (2) 

into the Lagrangian, the total Lagrangian is the sum of Stueckelberg Lagrangian Cstueck and 
gauge fixing term Cqf 

1 m 2 1 1 f 

Ctatal = V + -y V*" - ^(<V^) 2 + ~ \rn 2 a 2 . (3) 

Mixing term ad^A^ appeared in Cqf cancels the same term in Cstueck- This leads to the 
decoupling of auxiliary scalar a and vector field A^. The unphysical a is given a mass 
proportional to random parameter which means a is unphysical field and have no any 
influence on vector field A^. So traditional Stueckelberg mechanism include two parts. One 
is extension of standard mass term of U(l) gauge boson through term mixing with differential 
of scalar field. This part, we will show, is equivalent to gauged U(l) chiral Lagrangian. The 
other is choice of special gauge fixing term to cancel mixing between scalar and gauge boson. 

Now we prove the assertion that the first part of traditional Stueckelberg mechanism is 
equivalent to gauged U(l) chiral Lagrangian. We change a field by introducing an unitary 
phase angle field U as 

U(x) = . (4) 

Under U(l) gauge transformation, it transforms as U — > e te U. We can construct covariant 
derivative for U as 

1 



DM(x) = [d„ - iAJx)]U(x) = iU(x) 



(5) 



With this covariant derivative, we can rewrite (CD in terms of U field as 



777 ^ 

Cstueck = -— 2 F^ V + —{D»U)\DJJ) , (6) 



which is standard lowest p 2 order chiral Lagrangian (gauged nonlinear a model) for U(l) 
gauge field as long as we identify m with goldstone decay constant /. Here a plays the 
role of goldstone boson which, in terms of Higgs mechanism, will be eaten out by gauge 
field to become its longitudinal part after symmetry breaking. Broken U(l) symmetry 
is explicitly seen through unitary gauge U = 1 ( or taking vacuum). 

In terms of our U field representation, gauge fixing term ([2]) can be written as 

C GF = -l(^-^m 2 ln[/) 2 , (7) 

which can cancel the mixing term between and a and make a becoming free field. 

Above equivalence between Stueckelberg mechanism and gauged U(l) chiral Lagrangian 
can be seen as an alternative statement for the distinction of the Stueckelberg and the Higgs 
mechanisms for which conventional understanding relies on the existance of a Higgs particle 
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4J. Now chiral Lagrangian is a formalism constructed by gauge field and corresponding 
goldstone boson, it does not need Higgs field and therefore in this sense is the same as 
Stueckelberg mechanism. In fact, this equivalence was pointed out in an alternative way in 
Ref. 26(. With this equivalence, applications of Stueckelberg mechanism can be realized in 
terms of standard formalism of chiral Lagrangian. One possible application is to consider 
effects from high dimension operators which as mentioned in last section may reflect more 
complex and general interactions among Z' boson and SM particles. This will be discussed 
in next section. Another direction of application is to generalize U(l) to nonabelian gauge 
symmetry. In the following part of this section, we take a simplest nonabelian generalization 
by considering following symmetry breaking realization SU(2)l <S> SU(2) r — > SU(2)d with 
2x2 unitary matrix field U defined as 



~, n » * ivw- r / T?(x) S,-(x)r 7 - _ . , ma Ax) y a \ x ) , . 

U(x) = e ™ a * {x)n = m\\ 1 Y- + * Ei(aO = ; s in - — — , (8) 

V m 2 m Ja 2 (x) m 



where 7$, i = 1,2,3 are Pauli matrices, and cij are three goldstone bosons generated from 
SU{2) L ® SU{2) R -> SU(2) D through Goldstone theorem. The SU{2) L ® SU{2) R gauge 
transformation is 

U(x) V R (x)U(x)Vl(x) (9) 
in which V R and Vl are SU{2) R and SU{2) L group elements respectively. 
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Note that if we return back from (Q to our original abelian situation, U field will transform 

as 

U(x) -> V R (x)U(x)vl(x) = V R {x)vl(x)U(x) , (10) 

where Vl = e lEL and V R = e ttR is U(1)l and U(1) R group element, respectively. Consider 
U(1) L g> U(1) R = U(1) D g> with Vb = e J ( e « +£i ) and Va = e^*"^ = VrVJ being 

corresponding {7(1)d and Z7"(l) group elements respectively. From ( fTUI) . it is easy to see that 
U field is invariant under U(l)u transformation and therefore U(l) d is a trivial symmetry for 
Lagrangian (jBJ). With this trivial U(1)d symmetry included in (jBJ), the symmetry realization 
pattern for original Stueckelberg Lagrangian become U(1)l <8> ^7r(1) — » f (1)d- With this 
form of ablelian symmetry realization for original Stueckelberg Lagrangian, our nonabelian 
generalization of SU(2) L ® SU(2) R — > SU(2) D become obvious. The only difference from 
abelian case is that the left unbroken symmetry SU(2)d is not a trivial symmetry in the 
sense that U is not invariant under its transformations. 

Now we write down the Stueckelberg Lagrangian for SU{2) L <g> SU{2) R — > SU(2) D , 

with 

D»U = <W - i^Vf + At)U + ^|(Vf - if) (12) 

F ^ = ^m(^ ± ^) -d v (V v ±Af) -i\y< t ±A' t ,V v ±A v ] V^ = V^- A^ = Af-, 
l 2 2 2 

where , z = 1,2,3 are SU{2) D gauge fields and Af , i = 1,2,3 are SU{2) L ® 

SU{2) R / SU{2) d axial gauge fields. In unitary gauge, the third term of r.h.s. of fTTTT) becomes 
mass term ^m 2 A 2 of the axial gauge boson field A. Due to unbroken symmetry SU(2)d, 
corresponding gauge fields V/ 1 , i = 1,2,3 remain massless. 

In terms of fields Ej which is already expressed as function of 6^ in (jSJ), covariant derivative 
(TI2"]) now is 



= [ ^L= + i*]d*Ei + -if [Ei - irJl - ^ ] + -V^E^r* . (13) 

V "i 2 

With it, dllj) become 

1 1 

l~Stueck-SU{2) - ~^2^L,i^L,i ~ J^T 1 R.i 1 R,i l i4 J 




We find that not only the terms linear in gauge fields V- 1 and Af mix with Ej fields, but 
the terms bilinear in gauge fields also mix with Ej fields which is the general feature for 
non-abelian gauged nonlinear a model. This is not like the case of original abelian gauge 
field, where terms bilinear in gauge fields do not mix with Ej fields. This feature makes it 
impossible to use gauge fixing term to cancel mixing among gauge fields and goldstone fields. 
Further nonabelian effects cause very complex dependence on goldstone fields which make 
theory non-renormalizable. This example explicitly shows why generalization of Stueckelberg 
mechanism to non-abelian case can not cancel mixing among scalars and gauge fields and 
then cause a coupled non-renormalizable theory. 

III. GENERALIZED STUECKELBERG MECHANISM AND EEWCL FOR Z' BO- 
SON 

As mentioned in Sec. I, nonlinear realized effective field theory EEWCL is already worked 
out by one of us in Ref. 



241 ] . Although this EEWCL only involve boson fields in SM, it's 
enough for our interests. In this section we are going to generalize it to include in Z' boson. 
The symmetry realization pattern is then generalized from original SU(2)l <S> U(1)y ~^ 
C/(l)em to SU{2)l ® U(l)y <S> U(1)z> — > U(l) em . From equivalence between Stueckelberg 
mechanism and chiral Lagrangian discussed in last section, to apply generalized Stueckelberg 
mechanism to Z' boson for EEWCL is equivalent to add into EEWCL a phase degree of 
freedom representing goldstone boson eaten out by Z' and then gauging in Z' gauge field. We 
insert this goldstone boson degree of freedom by enlarging original two by two unimodular 
matrix U field with an extra U(l) phase factor, The new two by two field will be denoted 
by U . The difference between U and U is that U is unimodular which satisfies constraint 
detU = 1 while U does not. Relaxing this unimodular constraint allows an extra U(l) phase 
in U field which now is identified with mixture of goldstone bosons for Z and Z' . We define 
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the covariant derivative as 

D/J = d^U + igW^U - zUjg'B^ - iU{$'B» + <?'%)/. (15) 

where, = -fW*, B^ u , are SU(2)l, U{1)y and U(l)z> gauge fields respectively. The 
reason to use X instead of Z' to label the U(l)z> gauge field is due to the fact that there 
exists mixing among neutral gauge bosons. We denote Z' as the U{l)z> gauge field after 
diagonaliztion. In ( fl5|) . the new term beyond original covariant derivative given in Ref. 23] 
is proportional to the linear combination of gauge fields and X M with different coefficients 
g' and g" . Different choice of these coefficients will results in different Z' interactions and 
typical Z' dynamics from non-traditional Stueckelberg mechanism usually take g' = 0. Later, 
we will discuss this issue in more detail. 

The full bosonic part Lagrangian up to order of p 4 is 

£stueck-SU(2) L ®U{\) Y ®U{l) z ,^U(l) e7n = £-0 + C-2 + A , (16) 

with p° and p 2 order Lagrangian Cq and £2 being 

Co = -V(h) , (17) 
£2 = \{d„h) 2 - J/V[T> M I>] + 

+ ^ 3 / 2 tr[V;]tr[\>] + (3 A f(d»h)tr[%\ , (18) 

where T = Ut^W and = (D fl lf)lf' ( . Here we treat higgs field h asp order. All coefficients 
/, j3i, fa, P3, /3 4 are functions of higgs field h. p 4 order Lagrangian £ 4 can be decomposed 
into four parts 

A = C k + C b + Ch + £a (19) 

in which kinetic part Ck is 

Ck = -\b» v B^ - ^[W^Wn - \x^X^ . (20) 
Bosonic part without differential of higgs field Lb is 

£b = -atgg'B^triTW^] + l -a 2 g' B, v ti[T[V^ V v ]} + ia 3 gtv[W^[V>", V v }} 

+aM%V v ]tr[V»V v } + «5trfc^]tr[y^K] + a 6 tv[%%}tv[TV"}tv[TV v } 
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+aM%V^[TV v ]Xx[TV v ) + ^a 8 g 2 ti[TW^ti[TW^] + l - a9 gti[TW^]ti[T[V p ,V u ]] 

+^a 10 tr[r^]tr[r^]tr[ry M ]tr[TK] + a lig e^\r[T%]%r[V v W pX ) 
+a 12 gtT[TW]tv[V v W liU ] + a Vi gg'e^ x B pv ti[TW pX ] + a u g 2 e^ x tr[TW pi/ }tr[TW pX } 
+a lb ti[%}ti[TV^]ti[TV v }ti[TV v ] + a 16 tr[V^]tr[T^]tr[K^] + a 17 tr[%]ti[TV v ]tr[V»V v ) 
+a 18 ti[V p ]tr[V u ]ti[TV^]tr[TV' / ] + a 19 tr[^tr[K]tr[1>T^] + a w %r[%]%i[V»]%?[TV v ]%r[TV v ] 
+« 21 tr[V;]tr[^]tr[Kn + « 22 tr[V;]tr[^]tr[V;]tr[ry 1/ ] + a 23 tx[%\^[V v \tx[Vi"\tx[V v \ 
+gg"a 2 ,X,MTW^] + g'g"a 25 B pu X^ + a 26 e^hi[V,]tT[TK]tT[T[V p , V x }} 
+ig'a 27 e^ x tx[V tM ]tx[T%]B pX + iga 2 ^ p \i[V^ti[TV v }ti[TW pX } 
+ga 2 ^ vp \i[V p \ti[V v W pX ] + ig"a 30 e>"' f>x X fMU tT[T[V p , V x ]] + ig" a 31 X pu tx[T[V^ V v ]\ 
+g"a 32 e^ x ti[V p }tT[TV u }X pX + a 33 ti[V p ]ti[TV v }ti[T[V^ V v \] + g ' g' >a 34 e^ px B pu X pX 
+gg"a 35 e^ x X p MTW pX } + ig' a^x^MTV^ + ^a 37 trft]tr[TK]tr[TW^] 
+ga 38 tx[V fi ]tx[V v W^\ + /a 39 tr[V;]tr[rK]X^ + z^otr^trfTT/^] . (21) 

Among them a 12 ~ «i4, a 3 o, ct 33 ~ «4o are CP-violation terms. Bosonic part with differential 
of higgs field Ch is 

C H = (<yi){a ff ,itr[Tl>]tr[l^ 

+a H MTV»]tx[TV l/ ]tx[TV v ] + iga Hfi ti[TV v }ti[TW^} + g'a H , 6 tx[TV v ]B^ 
+iga H ^x[TV v W> lv \ + g a Hj stx[V w W^} + «^ 9 tr[^]tr[K^] + a^ 10 tr[K]tr[t>T>] 
+a H)lx tx[V v ]tx[T[W, V v \] + a H)l2 tx[Vi J -]tx[TV v ]tx[TV v ] + « Hjl3 tr[^]tr[K]tr[TH 
+iga HA MV»MTWn+9'aH,iMVu]B^} + {d^h){d v h){a H ^%x[TW]Xx[TV v ] 
+a HA7 tx[WV v \ + a H ,i8tr[V^]tr[TH + a Hil9 trp>]tr[1^]} + (d p h)(d»h) 
x{« Hi20 tr[TK]tr[TH + a H , 21 tr[V v V v \ + a H , 22 tx[V v \tx[TV»] + a^, 23 tr[K]tr[H} 
+ (^/ i )(^/ i )(^/ i ){a^ 24 tr[TH + a Ht25 tx[V u }} + ^[(^^(^/i)] 2 . (22) 

Anomaly part La is 

£a = aA2g 2 ^ l/pX tr\W pu W pX ] + a 43 g' 2 e^ x B^B pX + (?" 2 «44e^ pA X^X pA . (23) 

Similar as p° and p 2 order, all a coefficients in p 4 order Lagrangian are functions of higgs 
field h. 
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Above chiral Lagrangian is the most general EWCL involve Z' and higgs fields, in terms 
of which we can examine details of Z' physics. In following of this section, we focus our 
attentions on the mixing among gauge bosons. 

We take unitary gauge U = 1. The gauge boson mass term Cm and kinetic term Ck 
become 



C 



1 



i\l 



fV 



Wi)f(gW 3 - g'B,)(gW 3 ^ - g'B») 



(24) 



C 



K 



i(l - 2p 3 )f(g"X, + ~g'BM'X» + g>B») + \i5 2 f {g" X , + ~g'B,)(gW 3 ^ - g'B») 

-\b^b,„ - \x, u x^ - \{d,wl - d u wlf - \{d,wl - d v w t 



2\2 



a % g 2 ){d,Wl - d u Wl 



atgg'B^Wl - d v W t 



-gg"a 24 X^(d^W 3 - d v Wl) + g'g"a 25 B^X 



(25) 



in which the charged gauge bosons and W 2 are automatically diagonalized. This is due 
to the fact that there is no other charged vector and scalar particles to mix with. To generate 
mixing for charged gauge bosons, we need to add in theory new charged gauge bosons, such 
as W^ 1 and W'^ 2 which was already discussed in Ref. 27j or new charged Higgs bosons. For 
the remaining neutral gauge bosons W 3 , B,X, our Lagrangian includes most general mixing 
among them. We can choose special parameters to recover the various scenarios discussed 
in literature. For example, 

• Taking fg" = Mi, fg' = M 2 and a { = = 0. ((23)1 and ([25]) come back to Stueckelberg 
Lagrangian given in Ref. 4j which depends on coefficients Mi and M 2 . 

?" 

,2 



Taking 

2fo)g" 2 f 2 



2(i-A0s" 

m 2 x and f3\ 



x, -2g"(ga 24 - g'a 25 ) = y, -2g"(ga 24 + g'a 25 ) = w, (1 - 
at = (i ^ 24,25), (EH) and ([25]) come back to ef- 



fective Lagrangian given in Ref. 32[ which depends on coefficients x,y,w, m 2 x and 
includes a more simplified case discussed in an earlier Ref. 



Taking —2gg"a 2 ^ = sinx, and fli = (3% 



Ji ^ 25). (J23D and (J2SJ) come back to 



34J which depends on a mixing angle 



effective Lagrangian for E e model given in Ref. 
X ■ 

What we need to do next is to diagonalize these mass and kinetic terms. We first try to 
cancel term {g"X^ + g'B^)(gW 3 - g'Bj in C M by mixing g"X + g'B with gW 3 - g'B^ 

g"X^ + ~g'B^ = cosa zl (g"X fl + g'B^) + sma z/ (gW 3 - g'B,,) 
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gWl-g'B^ = -sma z ,(g"X tM + g'B fi ) + cosa z ,(gW*-g'B, 



(26) 



where 



tan atz> 



3+2^- 8p 3 - ^(3 + m - my + ig/g 

4/3 2 



£m then reads as 



£m = \fg 2 [wlW^ + W^'l + ^lf 2 (9"X, + g%) 2 + ^/ 2 (^ 3 - g% 
with 



(27) 



,(28) 



A\ 



-(1 - 2^)4 + /W a + (1 - 2/3 3 )4 
^(1 - 2p 1 )s 2 a - f3 2 s a c a + (1 - 2{3 3 )c 2 a , 



where, c Q = cosaz> and s a = sina^/. 

The kinetic term for neutral gauge boson can be written as 

( -1(1 -a 8 g 2 ) \a ig g> \gg"a 2A \ ( 



Ck 



neural 



(W*B„ V ,X I 



flU J 



\®igg' 



■\ lg'g"a 2 5 



V \gg"®-u \g'g"oLih 



/ 



(29) 
(30) 



(31) 



Decompose gW* as {gW* - g'Bj/2 + (gW* + g'Bj/2, g'B, as -(^ 3 - g'Bj/2 + G?W 3 + 
<?'£g/2 and g"X, as </% + ~g'B, + (^W 3 _ g ' B ^~g'/2g' - (gW* + g'B,)~g>/2g>. With help 
of (ESI), we find 



( 



± c 

2g' Ua 



1 

29' 



-is 



2g 



' 2g' WQ ^ 23V g 77 ^" 2c/' 

Further take following transformation which keeps neutral gauge boson mass terms to be 
diagonal and rotates neutral gauge boson to the basis of Z^, photon and Z'^ 



2g > s a) J 



I gWl-g'B, N 

gWl + g'B, 
K g"X lt + g f B ttJ 



( 



\ 



gWl-g'B, 
gW^ + g'B, 
{g"X fl + ~g'B,) 



( cos f) z 



V 



sin/3 z / p. cos gg/ 
A 2 u A 2 / 



v AJ f z » J 



(32) 



Then the mass term involving neutral gauge bosons can be written as 

•^M, neural 



UlfigWl - g'B,) + l -A\fXl = \m*Z% + \m\,Z'1 , 



(33) 
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with massless photon. Remaining six parameters are Z mass Mz, Z' mass Mz r , mixing 
angle (3z> and coefficients a, b, c, which will be determined later. Now total rotation matrix 
becomes 



with 



U 



±r 


1 


2g C <* 


2S 




1 


2g> Ua 


2<?' 


S + ) 
■'a ~ 2g' a ' 


W 1 

2g"g' g" 



J-S 

2g' b 

. Cry 



U 



I Z \ 

A„ 



(34) 



2 S ' 



5 «) / 







Ai 

\ A 2 u A 2 



f 



^00 





1 

f 



(35) 



where, sp = sin {3 Z ' and cp = cos/3^/. With above rotation, kinetic term for neutral gauge 
boson (l3Tj) can be further written as 

■^K, neural 



4 Z' "iK" 



A» v 



K = U T 



\ 



\oi\gg' 
hg"aL2± 



\otigg' \gg"a 2i ^ 



\g'g"®2$ 



Ig'g" ®25 -\ 



U . (36) 



In which K is three by three symmetric matrix. Denote its matrix elements as K^. Notice 
that Kxi oc M|// 2 and K 33 oc M z ,/f 2 , then normalization of Z and Z' kinetic terms, 

K11 = ~\ K 33 = -\ , (37) 

is necessary to interpret Mz and Mz> introduced in (1331) as the correct definition of Z 
and Z' masses. Above normalization condition also fix values of Mz and Mz>- Remaining 
normalization of photon kinetic term demands K 22 = —1/4 and diagonalization of kenetic 
terms requires K 12 = K 13 = K 23 = 0. These four constraint conditions further fix remaining 
four parameters /3z',a,b,c. Detailed computation shows that first K 22 = —\ fix parameter 
b, 

2 = Ag' 2 g" 2 

~ W + g' 2 )g" 2 + g 2 g' 2 - g 2 g ,2 g" 2 ^ + a 8 ) + 4<rW'V(a 24 + « 25 ) ' 

while K 12 = fix parameter a, 

1 

gA 1 A 2 [g' 2 g" 2 - g 2 g' 2 g" 2 (2 ai + a 8 ) + g 2 g" 2 - ±g 2 g'g" 2 ~g'{a 2A + a 25 ) + sV 2 ] 

, f r 2 //2 . 2-/2 12 1/2 . 2 /2 //2 , j 2 / //2~/ n/ . < \ 

+ -0 # +ggg as + ^ggg gu2s\(s a spA 1 + c a c A 2 ) 

-[2g 2 g'g' + kg 2 g' 2 g" 2 {a 2i + a 25 )] (-c^s^Ai + s qC/3 A 2 )} . 
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a = 



K 



23 



fix parameter c, 



gA 1 A 2 [g' 2 g" 2 -g^g' 2 g" 2 (2a 1 

X 



2-/2 

9 9 



9'Y 2 



2 12 //2 
9 9 9 c 



g2 g „2 _ Ag*g'g" 2 ~gi(a 2A + a 25 ) + g 2 g' 2 ] 

+ [2g 2 g'g' + Ag 2 g' 2 g" 2 (a 24 + a25)](c a c /3 Ai + SqS^)} . 

Finally K 13 = gives constraint 

= G (l - 2c 2 ) + G 2 s p c p , 

with G and G\ given in (I All) . Eq. fl38|) yielding tan/3 

—G 2 - 



(38) 



tan /3 



Go 



4G 2 , 



2Gr 



(39) 
1,2,3,4 



Since the precision of our computation is only accurate up order of p A , while Pi, 
represent p 2 order operators and on represent p 4 order operators. Therefore we can expand 
our result in powers of $ and ctj and to our p 4 order precision, we only need to keep 
terms at most quadratic in and linear in ccj. Detailed computation gives tancc^/ = 
-2/5 2 /(3 - 2/3i + 8/3 3 ), ^ = (1 - A)/2 - /3f/3 - & 2 /4 and A 2 = 1 - -_3 3 + ffilt i - /? 3 2 /2. 



12j|28||29||30| treat 



The rotation matrix [/ is given in (]A2|) . In literature, most models 
extra X gauge boson by only mixing it with W 3 boson in mass term. This corresponds to 
ai = otg = a 2 4 = «25 = Pi = 03 = g' = in our EEWCL. The result mixing angle become 



tan£ 



+_9 
±9 



9+9 
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1,1 



P2. 



(40) 



Usually constraints on £ are highly model-dependent 3l| . the typical value of which is at 
order of 10 -3 . In our general case, X boson can mix not only with W 3 , but also with 



B, "There are no quantum numbers which forbid a mixing of neutral gauge bosons " lQj. In 



Leike's review article[l(3], general mixing among X^, W 3 and in mass terms is parameter- 
ized. Further mixing can happen not only in mass terms, but also in kinetic terms. Authors 
in Ref. 32| 35[ studied a case that in kinetic terms, there are mixing among X^, W 3 and B^. 
In our formulation, we use three by three U matrix to parameterize the most general mixing 
among X^, W 3 and B^ happened both in mass terms and kinetic terms. The small values for 
mixing among X with W 3 and B require smallness in values for C/i 3, U 2j %, f/3 2, which 
from (1A2I) leads to the requirements 



V 2 ^ g 2 + 9 



12 



g' < 1 g"p2 < 1 g"a 2A < 1 g"a 25 < 1 



(41) 
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Another sector which heavily depends on W 3 , B and X mixing is the neutral current. The 
corresponding Lagrangian is gW 3 J 3 ' fl +g'B ll JY+g"X fM J x , in which except conventional weak 
isospin third component current J 3,fl and hypercharge current Jy, we now have extra hidden 
current J x couple to boson. In terms of physical gauge boson Z, A, Z', the Lagrangian 
becomes eJ£ m A^ + g z J^Z^ + g' 1 'J&Z' . With help of (I3l)j) . we can read out 

eJL = gU lt2 J 3 ^ + g'U 2 , 2 J£ + g"U 3>2 J x 

g z r z = gU^J 3 ^ + g'U 2A J£ + g"U 3 ^J x (42) 

g »r z , = g u h3 j 3 ^ + g 'u 2 , 3 j$ + g "u 3 , 3 j x . 

For which, we find 

• When g' ^ 0, due to fact U 3>2 ^ given in ( 1A2[) . photon will couple to hidden neutral 
current J x . This situation was discussed in Ref.[2j. 

• Small mixing among X with W 3 and B achieved by (j4"Tj) will imply that hidden 
neutral current J x decouples from Z boson and photon approximately; J 3,fJ- and Jy 
also decouple from Z' boson approximately. 

• J x mainly couples to Z' and the coupling is g" which will see later that is proportional 
to Mv/f. 

We now display the last three parameters accurate up order of p 4 and linear order of g' 

(3 Z , = ^{2g>~g> - l -{Zg% - A g )(3 2 - Ag" 2 {g 2 a 2 , - g' 2 a 25 )} - ^{ - 9g'(2g 2 z - A g )#'(A - (3 3 ) 

2g 2 g'g' (A g - 2g> 2 ) a, 



+ 



2(ffl " 9" 2 )H{gl + 20g" 2 ){3 1 + (5g% - AAg" 2 )(5 3 ]} 



A 2 

^9 



2g'~g'g^ 8 2g'~g' U + 2Ag 2 z g" 2 + 16 g" 4 ) ftft g> (Zg% + 24g 2 g" 2 - 16 g" 4 ) ~g' (3, 2 



A 2 A 3 A 3 



^ 1 ~g< (29g z - 16 g" A - 136g 2 g" 2 ) g'fo 2 g> {-24g 2 g» 2 - 48 g" 4 + g z ) g'fr 



'3 



3 A/ A g 3 

~~PT = 7 9z\ l - 2 Pi) - 2 9 9 ai+g a 8 r 

r 4L j Ag 

A~g'g'g" 2 {g 2 a 24 ~g' 2 a 2 ,) 8g 2 g" 2 ] g'g' 

T T~2 KP2P1 - P2P3) 

Ml _ /2(1 m) | 9" 2 m'P 2 -9 2 z (3 2 2 } | 1 ^V[^ 2 4-(^ 2 -4^ 2 )a 25 ] 



f 2 : ' K ' A g Ag 
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where gz = sfg 1 + g' 2 and A g = g 2 + g' 2 — Ag" 2 . All $ and ai coefficients appear in above 
results must take their values with Higgs field inside the coefficients being substituted by its 
vacuum expectation value. Notice that the correction for Z mass from extra Z' couplings is 
proportional to g'@2, (g'T^) 2 , 5 ,// «24 and g" which are very small if we adopt (jHJ). In fact, 
in formulae for Mz and M^, if we ignore these small mixing and further neglect contribution 
from /3\,ai,as which roughly are related to phenomeno logical parameters T, S, £7 23|], we 



find Ml/Mz ~ 2g" 2 (l - 2f3 3 )/e 2 . This implies that even for small mixing; for neutral gauge 
bosons with Z' we still have two independent parameters g" and (3% to tune its value. 

We finish discussion on mixing among neutral gauge bosons by checking our computation 
results. With constraints ( HTj) . X mixing with W 3 and B controlled by parameter g', g" P2, 
g"a>24: and g"a25 become very small. Ignoring contributions from these parameters, X will 
not mix with W 3 and B any more and the left mixing between W 3 and B then goes back 
to its value given be standard EWCL-j^. If we further demand g' — fi\ — fli — 03 = ol\ — 
«8 = «24 = «25 = 0, we recover results of tree diagram SM which include G = 0, Ax — 
1/2, A2 = 1 and the matrix U becomes 



' cos 8w sin 9w ^ 
- sin 9w cos 9w 
Ij 



(44) 



with tan# w = g'/g. The six parameters at this order of approximation are az> = flz' — c 



0, a = 2^J_, b = M z = iVFTg 12 " and M z , = g"f. 



IV. ANOMALOUS COUPLINGS AMONG GAUGE FIELDS 

In this section, we discuss effective gauge boson self interactions which include triple and 
quartic coupling terms and these terms which not only include SM electroweak gauge fields 
W ± ,A,Z, but also involve Z 1 field. The part without Z' field can be parameterized by 
coefficients in original EWCL and parametrization for quadratic and triple couplings were 



already given in Ref.[23j. The quartic couplings can be worked out as follows, 
£ QGV = g++ ^W+W^W-W- v - g + - + 4W+W^) 2 + gz-{Z^y + g+z _ z w;z»W^Z v 
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-g+-zzW+W-»Z u Z» - g + . ZA W+W-' t Z v A v - ig^. ZA e^ Z^A V W^W^ 
-Ig+z-Av+A-ziW+W; + W+W-) + ig +Z -Ae+A-z(W+W- - W+W;)]Z»A» 
-e* 2 (A^W +u W; - W-W+A^A") , 



with nine anomalous quartic couplings determined by 



-,*2 



g+- 
g+- 



8 sin 2 9 

e 



w 

*2 



i r . 2«!e 2 2 . 

l^[ 4 +^T-? + «8 e (" S 2 1 C 2_ S 2 



c 2 — s 2 



+ 



2/V 



8e 2 



8 sin 



:[4 



2aie 2 
c 2 — s 2 



a 8 e 



c 



s 2 c 2 — s 2 ' 



C 2_ S 2 + (a 3 +-a 4 --a s + a 9 ) ^ , 

2/V 1 1 » 

+ c 2_ s 2 ~~ y- a 3+^a 4 +a 5 +-a 8 -a 9 ) 



g Z A = e* cot w \ z (-a 4 + -a 5 + a 6 + a 7 + a 10 ] 



2 2 

2/?i 



g+z-z = e* cot 



c 2 — s 2 



+ 



c 2 (c 2 — s 2 



2c 8 

-e 2 ai + (2a 3 + 



= e* cot 9 W \ Z [1 + 



2A 



= 2[1 



ft 



c 2 — s 2 



+ 



c 2 — s 2 
e 2 a>\ 
c 2 (c 2 — s T 



c 2 (c 2 — s 2 



g+z-A®+A~z = e* cot9 w \ z [l + 



Pi 



+ «3 



+ 



S 2 C 2 



c 2 — s 2 j3 



-e 2 «i + (2a 3 



ge+-ZA 



■e oti + a 3 



a 4 + a 6 e z 

c 2 ^s 2 c 2j 
a 5 + a 7 e 2 



S 2 C 2 



S 2 C 2 



an 



c 2 — s 2 



S 2 C 2 



g+Z-AQ+A-Z — 0L\2 



S 2 C 2 



where all coefficients are defined in Ref. 23J. We can also obtain these anomalous couplings 
from our theory by taking unitary gauge U = 1. Matching these anomalous couplings 
from original EWCL with those obtained from our theory involving Z' boson, we obtain 
constraints which relate parameters in original EWCL with those in ours. These constraints 
can be seen as an alternative result obtained through integrating out Z 1 field and its goldstone 
boson. Some of them are not independent each other and can be treated as self consistent 
check of our computation. Detailed matching for M' w ± demands that the fundamental 
parameter / in ([TBI) be the same as that introduced in original EWCL 23[. Matching for 
M§ gives 

o/„2 , A \ 

*9 / t~l a lit o2\ , 

—{ggp2-g P 2 ) + 



SPi 



g 2 a 3 



2(9 2 + Ag) „2 R2 , m 2gy~g> 2g'~g'[Ag' 2 g" 2 - (g 2 - Ag" 2 ^ 

— ^-2 — \ggp2-g p 2 ) + A 2 



-«24 



+ 



"9 ^9 

_//2 A 2 a , r,JJ\o o /i„/'2/ „2 



A 2 

^9 



A 3 

^9 



[(4g" z A g - g 2 A g + 2g 2 g 2 z )(3 l (3 2 - Ag"\2g 2 + A g )p 2 p 3 ] 



«25 

(46) 



with 5 Pi being the difference between f3\ introduced in (JTSJ) Pi ; and corresponding param- 



eter introduced in original EWCL Q\ 

EWCL 

triple and quartic anomalous couplings gives 



i.e. 5 Pi = Pi 



Pi 



EWCL 



. While matching 



5ai = 5a 3 + 



~g'P 2 - g" 2 p 2 2 ) + ^[{2g 2 z - A g )PiP 2 - 8g" z p 2 p 3 



4g'g 



"2, 



A 2 

^9 



A 3 

^9 
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-?o{[(<? 2 - V 2 ) 2 + 2g" 2 (g 2 - 2g' 2 )]a 2i + (g 2 - 4g" 2 )(g> 2 + A> 25 } 



2g 
9' A 2 



9 

5a 2 = * (g'~g>[3 2 -g» 2 %) + ^[{2g* z - A g )foh - S^PM 
^g ^g 

+^- 2 {g 2 g' 2 ^ + (g 2 - V 2 )G/ 2 + a> 25 } 

g ^g 

5a, = -^(g'~g'P 2 - g" 2 p 2 ) + ^-[(2g 2 - AJfrh ~ 8g" 2 f3 2 f3 3 } + ^(g 2 a 2i - g' 2 a 25 ) 

±g'g' 

-a 31 



5a§ = —5a, 

r x 2g'~g' 

oa§ = —oa, — an 

Ag 

A A 2 9'~9' 
oa-j = oa, — «i6 

^g 

5a 8 = -25a, - -^(g'g'fc ~ g" 2 Pl) - ^&Wz ~ A 9 )A& - 8g" 2 (3 2 (3 3 ] 
^g ^g 

+-r\[{g' 2 - V 2 )«24 + #' 2 a 25 ] 

5a 9 = -25a, - -Xtfgffr - g" 2 Pl) ~ ~ - 8g" 2 (3 2 (3 3 ] 

^g ^g 

■ ^g g u a o 2\ i o 12 i , ^g g 

+-TT[( A 9 - 2 g )«24 + 2g a 25 \ + — — a 31 
^g ^g 

5ai = -^-a 15 , (47) 
^g 



— a,, 

Z' 



and left 5a 3 undetermined. In obtaining above result, we are 

EWCL 



with 5ai = ai 

accurate up to linear order of g' and neglect all CP violation coefficients. 

Beyond the self interaction part without Z' field, there is part depending on Z' field. The 
quadratic term is already discussed before and we list down the triple and quartic vertices, 

Cz> anomalous = iCz^+Z'^W+W' + lC +Z , -(W+W^ Z' V - W^W^Z'") (48) 

+D + -ViV 2 W^W ^V ltV V 2 + D +Vl _ V2 W+ViW u V 2 U + D VlV2V3V4 Vi^V 2 V 3 ^V^ . 
The explicit expressions for various couplings in above Lagrangian are given in (IA3D . 



V. SUMMARY 



Stueckelberg mechanism as a traditional method to introduce a U(l) gauge boson into 
theory is shown in this paper equivalent to set up a gauged U(l) chiral Lagrangian and fix 
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special gauge. With this equivalence to chiral Lagrangian, by constructing the non-abelian 
generalization of the chiral Lagrangian, it is easy to understand why non-abelian general- 
ization of the Stueckelberg mechanism can not keep renormalizability. Further in terms of 
chiral Lagrangian formulation, we generalize traditional Stueckelberg mechanism by includ- 
ing in theory high dimension operators. We enlarge original EEWCL to include an extra 
local U(l) symmetry to represent physics for Z' boson. The scalar particle in Stueckelberg 
mechanism now is identified with goldstone boson eaten out by Z' to become its longitudi- 
nal component. We build up complete list of EEWCL up to order of p 4 including Z' and 
higgs bosons. With this chiral Lagrangian, traditional minimal version of the Stueckelberg 
mechanism can be seen as the leading nonlinear a model term of our theory and our gen- 
eralization for Stueckelberg mechanism is to include in theory all possible high dimension 
operators up to order of p 4 . We obtain most general interaction forZ' boson and SM bosons. 
Among these interactions, we focus on the general mixing among neutral gauge boson W 3 , 
B and X. We diagonalize the mixing appeared in mass and kinetic terms completely by 
introducing a three by three matrix U. The small mixing among X with W 3 and B can be 
achieved by constraints ( 14TT) . Due to lack of enough theoretical constraints and experiment 
data, most of operators lead by our extension of Stueckelberg mechanism have their free 
couplings. We need to gather more theoretical arguments and experiment data to investi- 
gate them in future. Theoretically, through matching anomalous couplings between original 



EWCL and our theory, we obtain connections among parameters in Ref. 23J and those in our 
theory which enable us to express anomalous couplings in terms of parameters appeared in 
our theory. We also exhibit all p 4 order operators for gauge fields self-interaction involving 
Z'. 
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APPENDIX A: NECESSARY FORMULAE FOR EWCL 

In this appendix, we list down the necessary lengthy formulae needed in the text. First 
we give expression for G and G\ introduced in (1551) . 



Go = -A 1 A 2 {(-g 2 - g' 2 + g" 2 + (g') 2 )c a s a + g'~g'(s 2 a - t£) + g 2 [2g ,2 c a s a + g'g'(c 2 a - s 2 a )] ai 
+9 2 [(g' 2 - g" 2 - (g') 2 )c a s a - g'g(s 2 a - c 2 a )]a 8 + 2g 2 g" 2 (c 2 a - s 2 a )(a 2 4 + g' 2 a l a 2 ^) 
+g" 2 [-4:g'g'c a s a + 2g' 2 (c 2 a - s 2 a )][g 2 (a s a 25 - «i« 2 4) - "25] + 9 2 g" 2 [8g' 2 s a c a 
+4g'g'(c 2 a - s^)]a 24 a 2 5 + g 2 g' 2 g" 2 s a c a (Aal 5 - a{) + 4g 2 g" 2 (g's a + g'c a )(g'c a - g's a )a 2 4 } 

G 2 = Al{(g 2 + g' 2 )cl + (g" 2 + (~g') 2 K(l ~ g^s) ~ fffjfr*! + «s) + W%«2B 

2 /2 //^ 2/2 2 \ 2 //^ 2 r /2 2 / /\ 22 /// \ 1 1 

-*9 g g C a("24 + "25 + 2 a24Q!25) - 9 9 s a [9 a i + % ) «24 + % # (a 8 a 2 5 - «ia 24 )J j 
-[Ai -> A 2 , c a <-> s a ] + s a c Q (y^ + - 2#'<f[l - /(ai + a 8 )] 

+W 2 [(«24 - « 25 )(1 - / 2 «i) + 2g'~g'a\ A + </' 2 a 8 a 25 ]} . (Al) 



Next result is for rotation matrix U defined in ( !35|) . its matrix elements Uij are 




2 ggW(-112g|g' /2 + 17g| + 32g'' 4 ) fl2 
3 ,|A/ ^ 2 

</ F1 , , 1 m , W - W 2 )gz a A ~g'gz(-g 2 A 9 + 8 g' 2 g" 2 )^ 2 





• %^[g 2 (g 2 A 9 - ^ - 2^(^A fl - 2g' 2 g" 2 )a 25 ] + 



A^ P2 ~* 

^9 ^9 
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2 g"g'(20g" - 12 g V 2 - 136ffVy 2 - 124 g V 2 + 32gV 4 + 43gV 4 + 26g V + 3y 6 ) q2 
■^™Pl + ^[(2,1 - A, ) AA - 4^f] 



A 2 ' 1 A 

^9 ^9 



C/ 3l i = 2 -^(-^f + ft + g 2 a 24 - g' 2 a 25 ) + 2 -^ff[2(g 2 A 9 - 2g 2 g' 2 )a 1 + g 2 (2g 2 z + A> 8 ] 
9z Qz^g 



-TT-i-Zg 9 {Pi ~ fa) + 9zPlfo ~ *9 fofo)-- j-r-g 



?Z [^ 1 2 + V 2 /3 3 2 + (A,-2^)/5 1 /3 3 ] 



A 3 

rr _ 99' 

^3,2 — ' 



sly" 2 + g 2 (~g') 2 - g 2 g' 2 g" 2 (2a 1 + a 8 ) + 4g 2 g'g" 3 g>(a 24 + a 25 ) 

gg' g 3 g' 2 g\ , l 



(qi + -a 8 ) 



<7"<7 Z y"yj; v 2 

^3,3 = 1 + + 2/3 2 /? 3 + y 2 « 24 - y' 2 a 25 ) - yI/? 2 2 ] + 3 -^P^ Wi ~ ft) , (A2) 

^9 ^9 

where = y/ g 2 + g' 2 and A 9 = g 2 + g' 2 — 4g" 2 and except U% j2 which vanishes when g' = 0, 
all other matrix elements are accurate up to linear order of g'. 

The last formulae are the anomalous triple and quartic couplings for Z' field introduced 
in (USD, 



2g 2 g"((3 2 + g 2 a 2i -g' 2 a 25 ) Ag 2 g"\g 2 z (3 x j3 2 - Ag" 2 (3 2 p 3 ] 

^Z'-+ = T 1 T 2 2 9 g «31 

^9 ^9 



2 ^V(17^-112^ 2 + 32^ 4 )/3 2 2 y 4 yV rM 9 /2 , ^2 
3 A^f + A~V K 9 ~ " + * " 8] 

gW n i 2, , \ i / 2 „ W 2x , fi g'g'g 2 g"{Pi - ft) 

-——[l+g{a 3 + a 9 ) + {g - Ag )a 2 \ - 8 — ^ 

y ^9 ^9 

,2 o2 ,< „//2 a2 



Wg'g 2 g" 

A 3 



[(2 y 2 - A 9 )ftft - g 2 z (3i - 4<Tft 2 ] 



9 

r 2g"g 2 [(3 2 -(g' 2 -Ag" 2 )a 24 -g' 2 a 25 } 4g 2 g"[g 2 (3,(3, - 4y" 2 ftft] 

C+z '- ~ A + AT 2 

^9 ^9 

2 g^gfsf\VT^z ~ H2y|y" 2 + 32 y" 4 )ft 2 g 2 g'~g' g'~g'g 2 g"a 3 

3 A/ y f A gy » A, 

Q y'yW(ft - ft) gVgl ro^z^ 2 o^ A ^ , „ 2 ^/2 

2 A 2. 



-[20/ V - 2y" z A>! + g 2 (g' 2 - 4y"> 8 ] 



-16 ^K^sfft 2 - (2yf - A s )ftft + 4y» 2 ft 2 ] 

A 9 

n /i 2 »2/ , x 4y 4 y" 2 ft 2 Ag A g'~g' /2 //2 /2 

D+- Z 'Z' = 4y y (a 5 + a 2 i) -r-2 1 T^" [P2 ~ ~ 4y )« 2 4 - y «25j 

^9 ^9 

20 



^9 2 g'g'g" 2 oci6 . 8g 4 g'g' r 2 a \qq fi 



Ag A 9 

4sV' 2 (a 4 + a 19 ) + 4^-£- - - (</ 2 - 4/ 2 )a 24 - g"a 25 ] 

^9 ^9 

8g 2 g'g'g" 2 ai7 8g 4 g'g' 2 a//2floi 

T T-3-[(2^z- &g)PlP2-Sg fofo] 

^9 ^9 

4g 4 g"iP 2 -(g' 2 -4g" 2 )a 2 ,-g ,2 a 25 } , 2 „ 8$Y, / 2 

t 2# tti 6 + —^-{gzPifc - 4 — fofo) 

£zAg A 9 #z 

-^-[1 + (2^ - A,)a 3 ] , 3 a 2„„ 



9zg"A g v J " y/ ° J ^|A fl V 
2ffW[g|(2g V ~ £ /4 + W' 4 ) - 4< ? y 2 (2< 7 ' 2 + g*)] ai 

sfAgV' 

o <rWW , , , c g'~g'g 4 g" fa as lno g'g'gY'Ps 2 



— (or - a 2 i) - 16 - /%) - 128 

A g #zAg g z A g 

g 4 g'~g'g" r , 2 A ^ * , ^g\g" 2 -g%-± <?" 4 « 21 QO Msfgztf 



+32 »_jL^_ [{2g 2 z _ Ag)(3i(3s + _^ — ^ ^ _ 32 

gz^-g 

n 2^V[-/3 2 + (^ 2 -4^ 2 )a 24 + ^ 2 « 25 ] 2 „ 

= 1 £ 9z9 an 



g z A 



±99 f no A g o o \ \ a 9 9z9 g g , \ , Q 9 ' ggg , Q a \ 

—^-{gzfiifo - 4 — f3 2 f3 3 ) + 4 (a 6 - a 19 ) + 8 t-t\Pi ~ AO 

A 9 g z A g g z A g 

g 4 g'~g' ri , , n 2 * x , , 1c ^WWx 2 



+ ^ [1+(2 ^- A>3]+16 v 

Hi^V + 4/ 2 + , 2 )^ 3 - 4^f] + * W(V2A * " 12 ^^" 2 + * W 



///A/' L ~ •' " '™ ' ' 2.^A 7 2 .y" 



g'sfg^Wz - 4g 2 z g" 2 \ - <?' 4 A>i , mg'g'gVi-Ugh" 2 + 4 <?" 4 + g\W 



Q a 9 ., ~ 



<?fAgV 3A/^| 
4^V , [/?2-(^ 2 -4^ 2 )a 24 -^ 2 a 25 ] 32^V' 2 ^ 3 , 8g s g'g"g z ^ 2 



2 A 2 

2^V 2 12W*g t g*g*tf 4 fl VW(17ff| - 1125k" 2 + 32£" 4 )/? 2 



5^A g 5- z A 9 A 9 

2 



^ z Ag Ag 3 ^ 3^|A 3 



+ X^{[ 8 ^'% - sWsI + 2A 9 )] ai - /(3/A g - 8sV 2 

A g gzg 

Q g' 2 ~g'g"g 3 a 3 ^ ~g'g 3 g"g ,2 gzPi 2 ^ (2g 2 z - A g )gWg >2 ^ 3 



9ZA„ Ag 3 Ag :! // Z 

q' 2 q'q"q 3 

Ag gz 

D + Z'~A 
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+- 



2g i g'g"[(3 2 - {g 12 - Ag" 2 )a 2A - g' 2 a 2 ,} | lQg'g"g 3 g" 2 (3 2 (3 3 AgWgzPifr 

gz^g ' gz^g 2 A 5 2 

- A) - ^^[(2,1 - - VAA] 

2 g' 2 g'(17g z - 112g 2 g" 2 + 32 g" 4 )g"g^ 2 2 16gVW/fl 2 

3 <?|A/ A s 3 



*9 

, VW^3 , g^ 3 (29V 2 gl-4gl/ 2 A 3 +g'VA> 1 
^A g <f<?lA/ 
l^W(8^V 2 -3^A g )a 8 , 



2 S^fA/ ff"5 Z A s 

ir) 



Dz'zzz = -g z g"{2a l5 + a w + a 



g'g'glg" 

+4 — [a 6 + a 7 + 2a w - 2a 18 - a 19 - 2a 20 - a 21 ) 

^9 

2 g" 2 g'g'g 2 

Dz'z'zz = g" 2 g 2 z(»5 + 2a 7 + 4a 20 + 2a 21 ) - 4 — -(2a 15 + a w - 2a 22 ) 

2 g" 2 g'g'g 2 

Dz'zz'z = 4:g" 2 g 2 z (a 4 + a 6 + 2a 18 + a 19 ) + 32 — -(a 22 - a 15 ) 

^9 

Dz'z'Z'z = -4:g" 3 gz(ai 6 + a 17 + 2a 22 ) 

g'g'g" 3 gz 

+ 16 (ct 6 + a 7 + 2a 18 - ct 19 + 2ct 20 - «2i - 4a 23 ) 

Ag 

4 16g"^g'g' 
Dz'z'Z'z' = 4g" 4 (a 4 + a 5 + 2a 19 + 2a 2 i + 4a 23 ) (a 16 + a 17 + 2a 2 2) • (A3) 

^9 
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